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We study the driving mechanism and the form of the orbital order in the electronic nematic
phase of the iron-based superconductors(IBSs) within the random phase approximation of a 5-band
model. We find the magnetic correlation energy of the system can be significantly improved when
an orbital order of the d-wave form is spontaneously generated. On the other hand, the magnetic
correlation energy increases as one introduce either an on-site or an extended s-wave orbital order.
More specifically, we find that the on-site orbital order is disfavored by the Hund’s rule coupling
and the extended s-wave orbital order is disfavored by the stripy magnetic correlation pattern in
the IBSs.
PACS numbers:
Breaking of the tetragonal symmetry in the paramag-
netic phase of the iron-based superconductors(IBSs) as
observed in various measurements has attracted a lot of
interests in the community1. These phenomena are gen-
erally termed as electronic nematicity since the lattice
degree of freedom is found to play only a minor role in
them. The origin of the electronic nematicity and its re-
lation with the superconductivity and magnetism of the
system are among the major unsolved issues in the study
of the IBSs.
The first clear evidence for electronic nematicity in
the IBSs comes from transport measurement, in which
it is found that the resistivity of the system breaks the
tetragonal symmetry at a temperature that is signifi-
cantly higher than the critical temperature for magnetic
ordering2–4. It is then found that the uniform suscepti-
bility and magnetic fluctuation spectrum also breaks the
tetragonal symmetry in the same temperature range5,6.
The most direct evidence of electronic nematic order
comes from ARPES measurements7–10, in which it was
found that the degeneracy between the 3dyz-dominated
band around the M point(k = [pi, 0]) and the 3dxz-
dominated band around the M′ point(k = [0, pi]) is al-
ready lifted in the paramagnetic phase.
Early theories suggest that the observed electronic ne-
maticity may be related to the stripy magnetic ordering
pattern of the system11–13. More specifically, the tetrag-
onal symmetry breaking involved in the stripy magnetic
ordering may survive the magnetic phase transition, re-
sulting in a paramagnetic phase with anisotropic spin cor-
relation. Such a spin nematic scenario has been widely
used to understand the phase diagram of the IBSs. How-
ever, the spin nematic theory does not explain how other
electronic nematic behaviors of the IBSs are induced by
the spin nematicity. For example, the band splitting ob-
served in ARPES measurements is so large that it is hard
to be taken as a by-product of spin nematicity8–10. At
the same time, the electronic nematicity is not always ac-
companied with stripy magnetic ordering. For example,
it is found recently that in FeSe the electronic nematic-
ity develops even if the system is far from any magnetic
ordering instability14.
Orbital order is another widely discussed origin for the
electronic nematicity of the IBSs15–18. The large band
splitting observed in ARPES experiments indicates that
the orbital order can indeed be taken as the primary or-
der parameter of the electronic nematic phase. However,
it is debated what is the driving force of such an orbital
order and what is the relation between the orbital order
and the spin nematicity1. More recently, it is found that
the band splitting in the IBSs exhibits strong momen-
tum dependence9,10. In particular, the band splitting
around the M/M′ point is found to be much more pro-
nounced than that around the Γ point. At the same time,
while the band splitting around the M/M′ point exhibits
order-parameter-like temperature dependence below the
nematic transition point, the band splitting around the
Γ point is almost temperature independent and persists
far above the nematic transition point. It is suggested
that such a peculiar momentum dependence can be un-
derstood by assuming a d-wave form factor for the orbital
order19,20 and attributing the band splitting around the
Γ point to the spin-orbital coupling effect9. However, it
is not clear why the orbital order in the IBSs chooses
such a special form21–23,29.
We think the key to understand the origin of the elec-
tronic nematicity in the IBSs is to note the strong entan-
glement between the orbital and the magnetic degree of
freedom in such a multi-orbital system20,24–26. In gen-
eral, the orbital degree of freedom is indispensable in the
description of the magnetic property of a multi-orbital
system26–29, since electrons in different orbital may expe-
rience electron correlation of different strengths and may
favor magnetic correlation of different patterns. Thus,
the breaking of the spin rotational symmetry in the mag-
netic ordered phase of a multi-orbital system will gener-
ally be accompanied by symmetry breaking in the orbital
space. One should better take both the magnetic and the
orbital order as components of a composite order param-
eter. This point is perfectly illustrated in the IBSs, in
which the symmetry related 3dxz and 3dyz orbital pre-
fer stripy magnetic order of wave vector Q = (0, pi) and
Q′ = (pi, 0) respectively. The orbital order that breaks
the tetragonal symmetry relating the 3dxz and 3dyz or-
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2bital will couple linearly to the stripy magnetic order and
will be generated spontaneously in the magnetic ordered
phase20,24. This can actually be understood as a general-
ized Jahn-Teller effect, in which the degenerate magnetic
ordering pattern with wave vector Q and Q′ play the role
of the degenerate electronic states in the case of the con-
ventional Jahn-Teller effect, while the orbital order plays
the role of the local distortion.
The above scenario can be naturally extended to the
paramagnetic phase, in which it is the difference in the
magnetic correlation around the wave vector Q and Q′
that are coupled linearly to the orbital order. As a re-
sult of such a coupling, additional gain in the magnetic
correlation energy is expected when a finite orbital order
is established in the system. We take this as the driving
force of orbital order in the IBSs. We emphasis that the
orbital order should not be understood as a by-product
of the spin nematicity, but should be understood as an
essential component of the nematic order that is driven
together with the spin nematicity.
To illustrate this point, we calculate the magnetic cor-
relation energy in the paramagnetic phase of the IBSs in
the presence of the orbital order. The magnetic fluctu-
ation and the correlation energy will be treated in the
itinerant picture within the multi-orbital random phase
approximation(RPA). We will focus on two points. First,
we will investigate if orbital order can indeed result in ad-
ditional gain in the magnetic correlation energy. Second,
we will investigate what kind of orbital order is favored
by such a mechanism.
In our study, we will adopt the five band model de-
rived form fitting the first principle band structure of the
LaFeAsO system. We believe the mechanism discussed
in this paper is universal and insensitive to the choice of
the band parameters. The band model reads27,28
Hkin =
∑
i,j
∑
µ,ν,σ
[tµ,νi,j c
†
i,µ,σcj,ν,σ + h.c.] +
∑
i,µ,σ
εµni,µ,σ,
where µ, ν = 1, .., 5 is the index of the five 3d orbital
on the Fe site, with |1〉 = |3d3Z2−R2〉, |2〉 = |3dXZ〉,
|3〉 = |3dY Z〉, |4〉 = |3dX2−Y 2〉 and |5〉 = |3dXY 〉. tµ,νi,j
is the hopping integral between the µ-th orbital on site
i and the ν-th orbital on site j, εµ is the on-site energy
of the µ-th orbital. The model parameters are chosen in
such a ways as to preserve the tetragonal symmetry of
the system. A list of the value of the model parameters
can be found in [27,28].
The electron interaction has the usual Hubbard-
Kanamori form
Hint = U
∑
i,µ
ni,µ,↑ni,µ,↓ + U ′
∑
i,µ>ν
ni,µni,ν
−J
∑
i,µ6=ν
~Si,µ · ~Si,ν + J
∑
i,µ6=ν
c†i,µ,↑c
†
i,µ,↓ci,ν,↓ci,ν,↑.
Here we have included the intra-orbital and the inter-
orbital Coulomb repulsion, the Hund’s rule coupling and
the pair hopping term. ni,µ and ~Si,µ are the electron
number and spin operator on the µ-th orbital of site i.
In our study we set U = 1.2 eV , U ′ = 0.9 eV and J =
0.15 eV , as has been done in Ref[27,28] .
To describe the effect of the spontaneously generated
orbital order, we introduce the following phenomenolog-
ical term
Hη = ηOˆ + αη
2,
in which Oˆ denotes the operator of the orbital order. The
last term αη2 is a restoring force term introduced to en-
sure the stability of the tetragonal phase when the effect
of the magnetic correlation energy can be neglected. In
a previous work, we have shown that up to the nearest
neighboring bonds, the orbital order in the electronic ne-
matic phase of the IBSs can only take three forms19,20.
The three forms are, (1) an on-site form that distinguish
the energy of the 3dxz and the 3dyz orbital
30, which is
given by
Oˆon−site =
∑
i,σ
(c†i,2,σci,2,σ − c†i,3,σci,3,σ)
(2)an extended s-wave form that distinguish the nearest
neighboring hopping integral of the 3dxz and 3dyz orbital,
which is given by
Oˆs−wave =
∑
i,δ,σ
(c†i+δ,2,σci,2,σ − c†i+δ,3,σci,3,σ)
and (3) a d-wave form that distinguish the nearest neigh-
boring hopping integral of both orbital in the x- and the
y-direction, which is given by
Oˆd−wave =
∑
i,δ,σ
dδ(c
†
i+δ,2,σci,2,σ + c
†
i+δ,3,σci,3,σ).
Here δ = ±x,±y is the vector connecting nearest neigh-
boring Fe sites. dδ is the d-wave form factor and is given
by d±x = 1, d±y = −1. η denotes the magnitude of the
orbital order.
We now study the effect of the orbital order on the
magnetic correlation energy of the system, which will
be denoted as Emag(η). In the magnetic ordered phase,
Emag(η) should be linear in |η| for small η, since the
tetragonal symmetry is already broken by the stripy mag-
netic order, which act as a linear bias in the degenerate
space of the 3dxz and the 3dyz orbital. On the other
hand, in the paramagnetic phase, Emag(η) should be
quadratic in η for small η as a result of the tetragonal
symmetry. Emag(η) can be calculated from the dynami-
cal spin susceptibility of the system. For a multi-orbital
system, the dynamical spin susceptibility is defined as
χµν,µ′ν′(q, τ) = − < TτSµν(q, τ) S†µ′ν′(q, 0) >,
in which Sµν(q) =
1
2
∑
k(c
†
k+q,µ,↑ck,ν,↑ − c†k+q,µ,↓ck,ν,↓)
is the Fourier component of the spin density operator
at momentum q. Here we use bold symbols to denote
3matrix objects and χ is a 25× 25 matrix for a five-band
system. The orbital character of the magnetic fluctuation
can be found from the spectral representation of χ, which
is given by
χµν,µ′ν′(q, iωn) =
∫ ∞
−∞
dω′
2pi
Rµν,µ′ν′(q, ω
′)
iωn − ω′ .
Here the matrix elements of the spectral density matrix
R(q, ω) is given by
Rµν,µ′ν′(q, ω) =
∑
m,n
< n|Sµν(q)|m >< m|S†µ′ν′(q)|n >
×2pieβΩ(e−βEn − e−βEm)δ(ω + En − Em),
in which En and Em are the eigen-energies of the sys-
tem. From this expression, we see R(q, ω) is a Hermitian
matrix. The eigenvalues and eigenvectors of R(q, ω) can
thus be interpreted as the spectral weight and the or-
bital character of the magnetic fluctuation. The spectral
density matrix R(q, ω) can be found from the retarded
dynamical spin susceptibility as follows
R(q, ω) = i[χ(q, ω + i0+)− χ†(q, ω + i0+)].
As usual, the spin structure factor of the system is related
to the spectral density through the following sum rule
< Sµν(q) Sν′µ′(−q) >=
∫ ∞
0
dω Rµν,µ′ν′(q, ω).
In the RPA scheme, the dynamical spin susceptibility
is given by
χ(q, iωn) =
χ0(q, iωn)
I−Vχ0(q, iωn)
.
This should be understood as a matrix equation in the
25 × 25 orbital space. χ0 is the bare spin susceptibility
of the five band model, whose matrix element is given by
[χ0(q, iωn)]µν, µ′ν′ =
∑
k,m,n
u∗k+q,µ,muk,ν,nu
∗
k,µ′,nuk+q,ν′,m
iωn − (ξk+q,m − ξk,n) .
Here, ξn(k) denotes the n-th eigenvalue of the band
Hamiltonian at momentum k, uk,µ,n denotes the n-th
eigenvector of the band Hamiltonian at momentum k. V
is the interaction kernel in the magnetic channel. For our
model its matrix element is given by28
Vµν, µ′ν′ =

U µ = ν, µ′ = ν′, µ = µ′
U ′ µ = µ′, ν = ν′, µ 6= ν
J µ = ν, µ′ = ν′, µ 6= µ′
J µ = ν′, ν = µ′, µ 6= ν
The correlation energy related to the magnetic fluctu-
ation can be found from the interaction integral method
and is given by
Emag(η) =
∫ 1
0
dλ < Hint >λ
= −3
2
∫ 1
0
dλ
∫ ∞
0
dω
∑
q
Tr[VRλ(q, ω)].
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FIG. 1: (Color on-line) (a)The magnetic correlation energy
in the presence of the orbital order of the on-site, extended
s-wave and d-wave form. Here λ = 0.8. (b)The mean value of
Hmag in the non-interacting ground state for the three forms
of orbital order.
Here Rλ(q, ω) is the spectral density matrix calculated
at the interaction strength λHint. Note that here we
have only retained the interaction term in the magnetic
channel, which is approximated by
Hmag = −1
2
∑
q,µν,µ′ν′
Vµν,µ′ν′~Sµν(q) · ~Sν′µ′(−q).
The logic behind this approximation is that the remain-
ing part of Hint is less sensitive to the presence of the
orbital order.
In our study, we focus on the ground state property and
treat the strength of the interaction as a tuning parame-
ter. For electron density n = 6, we find that the magnetic
instability occurs when λ > λc ' 0.85 at η = 0. When
η 6= 0, the value of λc for stripy magnetic order with wave
vector Q and Q′ will be different. More specifically, the
λc for the favored wave vector will be reduced and that
for the disfavored wave vector will be enhanced20,24.
Our calculation is done on a 96×96 lattice. The result
for Emag(η) is plotted in Figure 1a. Here the electron
density is fixed at n = 6 and the interaction strength is
fixed at λ = 0.8, slightly below the critical value for mag-
4netic instability. One find that among the three forms of
orbital order, only the d-wave orbital order can improve
the magnetic correlation energy of the system31. This
result can be understood from a mean field analysis of
the magnetic interaction. In Figure 1b, we plotted the
mean value of Hmag in the non-interacting ground state
with n = 6, which is given by
E0mag(η) =
3(U − U ′)
16
∑
µ
n2µ +
3J
8
∑
µ6=ν
χ2µ,ν −
9(U + U ′)
4
.
Here nµ =
∑
σ
〈
c†i,µ,σci,µ,σ
〉
, χµ,ν =
∑
σ
〈
c†i,µ,σci,ν,σ
〉
.
It is found that the qualitative feature of the RPA calcu-
lation is well captured by the mean field analysis, albeit
with a much reduced scale in the variation of the mag-
netic correlation energy as we vary η.
To look more closely into the reason why the d-wave
orbital order is favored over the other two forms of orbital
order, we compare the part of E0mag that is proportional
to U , U ′ and J , which will be denoted as E0U , E
0
U ′ and E
0
J
in the following. Form Figure 2a, we see that both the
on-site and d-wave orbital order can significantly improve
E0U +E
0
U ′ , while the s-wave orbital order is slightly harm-
ful to E0U +E
0
U ′
32. The origin for such a contrasting be-
havior can be found in the momentum dependence of the
band splitting induced by the three forms of orbital or-
der. Unlike the on-site and the d-wave orbital order, the
band splitting induced by the extended s-wave orbital or-
der is strongly suppressed around the M/M′ point, which
is the most important momentum region for stripy mag-
netic ordering with wave vector Q/Q′. The sensitivity of
the magnetic correlation energy to the band splitting at
the M/M′ point is thus a manifestation of the entangle-
ment between the orbital order and the spin nematicity.
The situation for E0J is totally different. From the plot in
Figure 2b, one find that the on-site orbital order will sig-
nificantly increase E0J , while the increase of E
0
J related to
the d-wave and the extended s-wave orbital order is much
less pronounced. This is reasonable since the on-site or-
bital order acts effectively as a crystal field splitting and
competes directly with the Hund’s rule coupling. These
considerations leave the d-wave orbital order as the only
possibility for the IBSs.
The size of the orbital order is determined by both the
magnetic correlation energy Emag(η) and the restoring
force αη2, which is a prior unknown to us. Nevertheless,
we can use the minimum point of Emag(η) as an estimate
of the size of the orbital order. For the parameters that
we have used, the band splitting at the M point is about
8ηmin ' 240 meV, which is about three times larger than
that observed in experiment8–10. However, the actual
band width of the IBSs is also about three times smaller
than that predicted by first principle calculation8–10.
Finally, since the gain in the magnetic correlation en-
ergy will diverge as the system approaches the magnetic
instability33, the orbital ordering must happen some-
where before the stripy magnetic ordering transition.
We note the RPA scheme usually underestimates the
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FIG. 2: (Color on-line) The mean value of Hmag in the non-
interacting ground state. (a) E0U +E
0
U′ , (b)E
0
J . Here we have
rescaled η by a factor of 4 in the case of the on-site orbital
order so that the maximal band splitting in the Brillouin zone
are the same for the three forms of orbital order.
strength of the magnetic fluctuation in the paramagnetic
phase, for which a more accurate treatment of the elec-
tron correlation effect is required. We thus believe that
the electronic nematic phase should be more robust than
that predicted by the RPA theory and may not necessar-
ily be accompanied with stripy magnetic ordering tran-
sition.
In conclusion, we find that the magnetic correlation
energy favors a d-wave orbital order over the on-site and
the extended s-wave orbital order in the electronic ne-
matic phase of the IBSs as a result of the stripy mag-
netic correlation pattern and the Hund’s rule coupling.
We find that the orbital order in the IBSs should not
be understood as a by-product of spin nematicity, but
is an essential component of a composite order parame-
ter involving both the magnetic and the orbital degree of
freedom.
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